On matching coefficients  by Farrell, E.J. et al.
Discrete Mathematics 89 (1991) 203-210 
North-Holland 
203 
Note 
On matching coefficients 
E.J. Farrell 
Department of Mathematics, The University of the West Indies, St. Augustine, Trinidad 
J.M. Guo 
Department of Applied Mathematics, Tongji University, Shanghai, China 
G.M. Constantine 
Department of Mathematics and Statistics, University of Pittsburgh, Pittsburgh, PA 15260, USA 
Received 7 April 1987 
Revised 22 May 1989 
Abstract 
Farrell, E.J., J.M. Guo and G.M. Constantine, On matching coefficients, Discrete Mathematics 
89 (1991) 203-210. 
Explicit formulae are derived for the first four coefficients of the matching polynomial of a 
graph in terms of properties of the graph. An explicit formula is also derived for the number of 
triangles in the complement of a graph in terms of the parameters of the graph. Also, some 
extremal properties of regular multipartite graphs are identified. 
1. Introduction 
The graphs considered here are finite, loopless and contain no multiple edges. 
Let G be such a graph. We define a matching in G to be a spanning subgraph of 
G, whose components are nodes and edges only. A k-matching is a matching with 
k edges. A perfect matching is a matching with edges only. 
Associated with every graph G is a polynomial, called the matching polynomial 
of G, defined as follows: 
[P/21 
M(G; w) = c a,(G)w~-2kw& 
k=O 
where a,(G) is the number of k-matchings in G; w, and w2 are indeterminates or 
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weights associated with each node and edge respectively in G and w is the vector 
(wr, w2). The basic properties of M(G ; E) are given in Farrell [2]. 
We obtain explicit formulae, in terms of parameters of G, for the first four 
coefficients of M(G). We also derive a formula for the number of triangles in the 
complement G of a graph, in terms of the number of triangles in G. Extremal 
characterizing properties for two families of regular graphs are established as 
well. 
In the material that follows, we write K,, and K,,, for the complete graph with 
p nodes, and the complete m by IZ bipartite graph respectively. We assume that a 
graph G contains p nodes and q edges, unless otherwise specified. The node set 
and edge set of G are denoted by V(G) and E(G) respectively. Finally, we 
assume that M(G) is written in descending powers of w1 (or ascending powers 
of wz). 
2. Preliminaries 
It is clear from the definition of M(G) that its first term is w{ and its second 
term is qwf-‘w since an edge of G can be chosen in q ways. The number of 
pairs of indeperdent edges in G is simply the total number of pairs of edges, 
minus the number of those pairs which have a node in common. This leads to the 
following result (which has been given in several other articles; for example, 
Farrell and Wahid [5]) which gives formulae for the first three coefficients of the 
matching polynomial. 
Lemma 1. (i) a,,(G) = 1, 
(ii) al(G) = q, 
(iii) a,(G) = @) - Cy=‘=, (2). 
Graphs with the same matching polynomial are called comatching. The 
following lemma is essentially established in Farrell and Guo [3]. 
Lemma 2. Any graph that is comatching with a regular graph is also regular of the 
same valency. 
3. The fourth coefficient 
We will obtain a formula for the fourth coefficient a,(G) of the matching 
polynomial. 
Clearly, a,(G) is the number of sets of three independent edges in G. We can 
find a,(G) by finding the number of sets of three edges in G i.e. (4); and then 
subtracting the number of sets that are not independent. The possible graphs 
On matching coefficients 205 
A: Al 
Y 
s4 
P, pJ T/l 
Fig. 1. 
formed by the non-independent sets of edges are (i) chains with two nodes, 
together with an independent edge; (ii) 4-stars; (iii) chains with 4 nodes and (iv) 
triangles. These graphs, denoted by A, S,, P4 and T respectively, are shown in 
Fig. 1. 
We denote by NA, N,, NP and NT respectively, the numbers of subgraphs of G 
that are isomorphic to A, S,, P4 and T respectively. 
It can be observed that the graphs in Fig. 1 represent all the possible graphs 
that can be formed by adding a new edge to P3 (the chain with 3 nodes). Let us 
denote by (Y the total number of subgraphs of G formed by adding an edge to the 
graph P3. Then 
CY=C 4 ( > 2 (q-3, (1) 
since we must choose two edges at each node and then add any of the remaining 
(q - 2) edges to them. This count however contains duplications of the graphs 
S,, P4 and T. 
(i) The star S, is counted three times, since there are 3 ways of choosing two 
edges at the center of S, and the addition of the third edge yields the same star. 
(ii) The chain P4 is counted twice, since any choice of two edges of P4 at each 
of the nodes of valency 2, together with the third edge, yields the same chain. 
(iii) The triangle T is counted 3 times, since two of its edges can be chosen at 
each of its nodes and the third edge added to form the same triangle. 
Hence we get 
a=N,+3N,+2NP+3N,. (2) 
We count NP and Ns independently. NP is counted as follows: Choose any edge 
ij of G. At node i, choose any edge other than ij; then do the same at node j. If 
ijk is a triangle in G, then the count must be reduced by 1. Therefore the number 
of chains of length 3 containing the edge ij is 
(di - l)(dj - I) - NT,,, 
where NT,, is the number of triangles in which ij is an edge. It follows that the 
number of chains P4 in G is 
NP = C { (di - l)(dj - 1) - NT,} 9 
ij 
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where the summation is taken over all edges in G. Since we consider all the edges 
of G, the sum Cij NT,, counts all the triangles in G -each being counted three 
times i.e. this sum equals 3N,. Hence we get 
NP = c (d; - l)(d, - 1) - 3N,. (3) 
ij 
Clearly, 
N,=c ($). 
1 
From our discussion, we have 
a,(G) = ; 
0 
-NA-Ns--NP-NT 
= -(a-2Ns-Np-2Nr), from Equation (2) 
4 = 
0 3 
-o+2N,+NP+2N, 
= (5) - (Y + 2 C (:) + [T (di - l)(dj - 1) - 3N,] + ANT, 
1 
(4) 
using Equations (3) and (4). 
and simplifying, we get the following By substituting for (Y, using Eq. (1) 
theorem. 
Theorem 1. 
a,(G) = (I) - (9 - 2) 7 (2) + 27 ($) + T (di - l)(dj - 1) - NT. 
Suppose that G is a graph with 6 nodes. Then Theorem 1 gives the number 
T(G) of perfect matchings in G. Hence we have the following result. 
Corollary 1.1. Let G be a graph with 6 nodes. Then 
T(G)=(:)-(q-2)7 (“;) +2? ($) +C (di-l)(dj-l)-Nr. 
ij 
For regular graphs, we get the following result which is immediate from the 
theorem. 
Corollary 1.2. Let G be a graph with p nodes and regular of ualency d. Then 
as(G)=(:)-p(q-2)(i)+q(d-1)‘+2p(i)-N,, whereq=pd/2. 
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(9 q =pd/2, 
(3 7 ($ =P($ 
(iii) ; (d; - l)(dj - 1) = q(d - l)*, and 
(iv) 7 (z) =P(:). 
The result is obtained by direct substitution into the formula for a,(G), given in 
the theorem. Cl 
Corollary 1.2 shows that for regular graphs a3 depends only on the number of 
triangles. It follows from Theorem 1 that if two graphs have the same valency 
sequence, then the difference in the fourth coefficients of their matching 
polynomials will depend only on the number of triangles that they contain. 
4. Some extremal results 
The following theorem gives an interesting extremal property of the regular 
graph G, consisting of r components each of which is isomorphic to the complete 
graph K,, (n > 1). 
Theorem 2. Let G, be the graph K,, U K,, U K,, U . . . U K,, (I times). Then, among 
all regular graphs with nr nodes of valency n - 1, G, has a characterizing 
maximum number r(‘j) of triangles. 
Proof. Any three nodes of K, can be used to form a triangle. It follows that K,, 
has (;) triangles. By considering all the components of G,, we conclude that G, 
has r(l;) triangles. 
Let G be any regular graph with nr nodes of valency n - 1. Consider the set 
S = {(y, A): y E A} i.e. the set of all ordered pairs with first coordinate y being a 
node and the second coordinate A, a triangle to which node y belongs. 
Clearly, by considering all the triangles in G we get 
PI = c I{y: y E A)1 = 3N,, where NT is the number of triangles in G. (5) 
A 
We can also find the cardinality of S, by summing over y, for each triangle in G. 
i.e. 
ISI = 2 I{A:Y E All Srn max J{A: y E A}[, 
Y Y 
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since G has nr nodes, max, l{A: y E A}1 is the maximum number of triangles that 
a node can belong to. But each node of G has valency n - 1. Therefore y can 
belong to at most (” i ‘) triangles. It follows that 
IS] S rn =T]{A:y~dinG,)]=3N;, 
where Ng is the number of triangles in G, (the graph for which the maximum is 
attained). From Eq. (5), we obtain 
3N, s 3N;, or NT< Ng. 
Equality holds if and only if every node of G belongs to (“; ‘) traingles. But 
every node of G has valency n - 1. Therefore every node must belong to a 
subgraph that is isomorphic to K,,. This shows that G = K, U K,, U * * * U K,, (r 
times). We thus establish the characterization of G, by Ng = r(y). Cl 
The following corollary is immediate from Theorem 2 and Corollary 1.2. 
Corollary 2.2. Among all graphs with rn nodes and regular of valency n - 1 
a,(K, U K,, U * * - U K,) takes a unique minimum value. 
A graph which is characterized by its matching polynomial is called matching 
unique. 
The following result is immediate from Lemma 2 and Corollary 2.2. 
Theorem 3. K,, U K,, U - - . U K,, is matching unique. 
The following result gives a formula for the number of triangles in the 
complement of a graph. It was proved in Farrell and Wahid [4], using derivatives 
of the matching polynomial. Here we give a combinatorial proof. 
Theorem 4. Let G be a graph with p nodes, q edges and NT triangles. Let di be the 
valency of node i in G. Then the number of triangles in e (the complement of G) 
is 
N,(G) = (;) - q(p - 2) + T( ;) - NT(G). 
Proof. We partition the triangles in KP into four classes; those containing 0 edges 
of G, exactly 1 edge of G, exactly 2 edges of G and exactly 3 edges of G. Those 
with 0 edges of G are counted by N,(G). Those with exactly one edge of G can 
be counted by considering for each edge ij of G, the number of nodes not 
adjacent to nodes i and i. However, if we consider any of the p - 2 other nodes of 
K,,, we count all those triangles containing at least one edge of G. Let us denote 
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the number of triangles containing 1,2, and 3 edges of G by N,, A$ and N,(G), 
respectively. Then we obtain 
q(p - 2) = ZVi + 2N, + 3&-(G), (6) 
since triangles with 2 edges are counted twice and those with 3 edges are counted 
three times. The triangles with 2 edges of G can be counted directly, by choosing 
two edges at each node of G. However, these edges could be edges of a triangle 
in G, so we must compensate for this. We get 
K = 7 (2) - 3%(G). (7) 
It is clear that KF had (5) triangles. Also, the number of triangles in KP with 0 
edges of G is N,(G). Therefore we get 
0 
; =NT(~)+[q(p-2)-N2-2NT(G)l 
= b@) + q(p - 2) - [ 7 (;) - 3%(G)] - 2&-(G), 
using Equation (7) 
= N,(G) + q(p - 2) - 7 (2) + N,(G). 
The result then follows by making NT(G) the subject of the formula. Cl 
The following corollary is immediate. 
Corollary 4.1. Let G be a graph with a maximum number of triangles. Then 
among all the graphs with the same valency sequence as G‘, G has a minimum 
number of triangles. 
The following theorem is the dual of Theorem 2. 
Theorem 5. Among all graphs with rn nodes and regular of valency n(r - l), the 
complete regular multipartite graph K,,,,...,, (r times) has a characterizing mini- 
mum number 
(y)-r(i)(rn-2)+rn(“i’)-r(3)=n3(i). 
of triangles. 
Proof. K,, U K, U . . . U K,, (r times) has r(G) edges and r(:) triangles. Also, each 
node has valency n - 1, i.e. dj = n - 1, Vi. We also have 
T (:) =rn(” 2 ‘). 
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It follows from Theorem 4, that 
The result now follows from Corollary 4.1 since K,,,,...,, is the complement of 
K,UK,U** * U K,,. Hence the formula on the left-hand side follows. 
We can also count the triangles in K,,,,,,,,, directly as follows: Choose any three 
of the r disjoint subsets of nodes. This can be done in (j) ways. Choose a node of 
the first subset as the first vertex of a triangle. This can be done in n ways. Each 
of the remaining vertices of the triangle can be chosen in n ways. Hence the 
right-hand side follows. 
The uniqueness of the minimum follows from the uniqueness of the maximum 
number of triangles in K, U K, U * * - U K, (Theorem 2). Cl 
The following corollary is immediate from the theorem. It is analogous to 
Corollary 2.2. 
Corollary 5.1. Among all the graphs with rn nodes and regular of valency n - 1, 
a3(Kn.n,...,n ) (r times ) takes a unique maximum value. 
The above corollary and Lemma 2 imply the following result. 
Theorem 6. K n,n,...,n is matching unique. 
In [2], it was conjectured that the complete bipartite graph Kn,n is characterized 
by its matching polynomial. The above corollary settles the conjecture in a 
favorable manner. 
We note that K n,“,...,n is also characterized by its characteristic polynomial 
(Cvetkovic et al. [l]). 
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